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Abstract
In this paper we first analyze the structure of Maxwell equations in
a Lorentzian spacetime when the potential is A = eK, i.e., proportional
to a 1-form K physically equivalent Killing vector field. We show that A
necessarily obeys the Lorenz gauge δA = 0. Moreover we determine the
form of the current associated with this potential showing that it is of
a superconducting type, i.e., proportional to the potential and given by
2RβA
β , where the Rβ are the Ricci 1-form fields. Finally we study the
structure of the spacetime generated by the coupled system consisting of a
electromagnetic field F = dA (with A = eK), an ideal charged fluid with
dynamics described by an action function S and the gravitational field.
We show that Einstein equations is then equivalent to Maxwell equations
with a current given by fFAF (the product meaning the Clifford product
of the corresponding fields), where f is a scalar function which satisfies a
well determined algebraic quadratic equation.
1 Introduction
In a previous paper [7] we study using the Clifford bundle formalism the effec-
tive Lorentzian and teleparallel spacetimes generated by a electromagnetic field
moving in Minkowski spacetime.
Here, using the same mathematical apparatus, we study another intrigu-
ing connections between gravitation described by Einstein field equations and
electromagnetism described by Maxwell equations. In order to do that we first
prove in Section 2 a proposition showing that if K is a Killing vector field on a
Lorentzian manifold (M,g) then the form field K = g(K, ) satisfies δK = 0 and
∗Paper presented at the 8th International Conference on Clifford Algebras and their Ap-
plications in Mathematical Physics (ICCA8), Campinas, May 26-30 2008.
1
a wave equation given by Eq.(2) in terms of the covariant D’ Alembertian. We
also show that the Ricci operator (which can be defined only in the Clifford bun-
dle of differential forms) applied to K it is equal to the covariant D’Alembertian
applied to K. Next, in Section 3 we analyze the structure of Maxwell equations
in a Lorentzian spacetime when the potential obeys the Lorenz gauge. Take
notice that if a potential is in Lorenz gauge this does not necessarily implies
that it is a 1-form physically equivalent to a Killing vector field. Moreover
we determine the form of the current associated with this potential A showing
that it is given by1 2AβRβ , where the Rβ are the Ricci 1-form fields (Eq.(64))
In Section 4 we study the structure of the Lorentzian spacetime representing
the gravitational field produced and interacting with an electromagnetic field
F = dA (where A is proportional K = g(K, ), with K a Killing vector field)
generated by an ideal charged current Je. We show that Einstein equations is
in this case represented by Maxwell equations with a current given by fFAF
(the product being intended as the Clifford product of the corresponding fields),
where f is a scalar function solution of a well determined algebraic quadratic
equation (Eq.(36). In Section 5 we present our conclusions and in the Appendix
we recall the main definitions and formulas of the Clifford bundle formalism,
proving a result that is need in the proof of Proposition 1.
2 Some Preliminaries
In this paper a spacetime structure is a pentuple M = (M,g, D, τg, ↑) where
(M,g, τg) is a Lorentzian manifold, D is the Levi-Civita connection of g and
↑ is an equivalence relation between timelike vector fields defining the time
orientation2. Also, g ∈ secT 02M denotes the metric of the cotangent bundle,∧
T ∗M denotes the bundle of (nonhomogeneous) differential forms and Cℓ(M, g)
denotes the Clifford bundle of differential forms. We shall take advantage of the
well known fact that [5]
∧
T ∗M →֒ Cℓ(M, g) and use in our calculations the
powerful Clifford bundle formalism [9]. Let {∂µ}, ∂µ :=
∂
∂xµ
be an arbitrary
coordinate basis for TU ⊂ TM and {γµ = dxµ} the corresponding dual basis
of T ∗U ⊂ T ∗M =
∧1
T ∗M . As explained in the Appendix the γµ will be
though as sections of the Clifford bundle, more precisely, γµ ∈ secT ∗U ⊂
sec
∧1
T ∗M →֒ Cℓ(M, g). Also, we recall that the set {∂µ}, ∂µ = gµν ∂
∂xµ
∈
secTM such that g(∂µ, ∂
ν) = δµν is called the reciprocal basis of {∂µ} and the
set {γµ} such that g(γ
µ,γν) = δ
µ
ν is called the reciprocal basis of {γ
µ}. We
denote g(γµ,γν) = γ
µ · γν , where · denotes the scalar product in Cℓ(M, g).
Finally, ∂ =γµD∂µ denotes the Dirac operator acting on sections of Cℓ(M, g)
and  =∂·∂ and ∂ ∧ ∂ denotes respectively the covariant D’Alembertian and
the Ricci operators. The operator ♦ = ∂2 is called Hodge D’Alembertian and
1Our result differs from a factor of 2 from the one presented in [8] and also in [?], where
an electromagnetic potential proportional to a Killing vector field is called a Papapetrou field.
The important discrepancy is due to the fact that those authors identified the electromagnetic
current Je with A instead of identifying it with −δdA, as it must be. See the text for details.
2Details may be found, e.g., in [9, 11]
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the relations between those operators and their main properties are presented
in the Appendix.
Proposition 1 Let K ∈ secTM be a Killing vector field, i.e., £Kg = 0. Let
K = g(K, ). Then
δK = 0, (1)
∂ ∧ ∂K = KαR
α, (2)
K = KαR
α, (3)
where Rα ∈ sec
∧1
T ∗M →֒ Cℓ(M, g) are the Ricci 1-forms given by Eq.(64).
Proof To prove Eq.(1) it is only necessary to recall that since
£Kg = 0⇔ DµKν +DνKµ = 0 (4)
and by Eq.(58) δK = −∂yK we have
δK = −γµyDeµK
= −γµy[(D
µ
Kν)γ
ν ]
= gµνD
µ
Kν =
1
2
gµν(D
µ
Kν +DνKµ) = 0.
The proof of Eq.(2) is trivial. Indeed, the Ricci operator is extensorial [9],
i.e., according to Eq.(67) satisfies
∂ ∧ ∂K = Kµ∂ ∧ ∂γ
µ
and thus using Eq.(64) we get:
∂ ∧ ∂K = RµK
µ. (5)
To prove Eq.(3) we use Eq.(62) and write
∂ · ∂K = gσνDσDνKµγ
µ (6)
Now, we calculate DσDνKα. Since K is a Killing vector fied satisfying
Eq.(4) we can write
Dσ(DνKµ +DµKν)
= [Dσ, Dν ]Kµ +DνDσKµ + [Dσ, Dµ]Kν +DµDσKν = 0. (7)
Taking into account that
gσν [Dσ, Dν ]Kµ = 0,
gσνDµDσKν =
1
2
gσνDµ(DσKν +DνKσ) = 0,
gσν [Dσ, Dµ]Kν = −g
σνR ρν σµKρ = −g
σνRνρσµK
ρ
= −gσνRρνµσK
ρ = −RρµK
ρ, (8)
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we get on multiplying Eq.(7) by gσν that
gσνDνDσKµ = RρµK
ρ,
and thus
∂ · ∂K = gσνDσDνKµγ
µ = RρµK
ργµ = KρRα.
Corollary 2 Call M = dK. Then
J =: −δM = 2KβRβ (9)
Proof Indeed, we have recalling Eq.(1) and Eq.(60) that
−δdK = −δdK − dδK = (d− δ)(d− δ)K = ∂2K
= ∂ · ∂K + ∂ ∧ ∂K
= KβRβ +K
βRβ = 2K
βRβ , (10)
and the result is proved.
3 Electrodynamics on M
As it is well known in General Relativity (GR) the gravitational field gener-
ated by an energy momentum tensor T =Tµ⊗ γ
µ, (where the Tµ = T
ν
µγν ∈
sec
∧1
T ∗M →֒ Cℓ(M, g) are the energy-momentum1-form fields) is represented
by a Lorentzian spacetime M = (M,g, D, τg, ↑). Let e be a constant with the
physical dimension of an electromagnetic potential and let
A = eK (11)
be an electromagnetic potential.
Suppose now that a probe electromagnetic field F = dA ∈ sec
∧2
T ∗M →֒
Cℓ(M, g) generated by a (probe) current Je ∈ sec
∧1 T ∗M →֒ Cℓ(M, g) , lives
and develops its dynamics in M. Then we assume as usual that F satisfies
Maxwell equations
dF = 0, δF = −Je (12)
which taking into account the definition of the Dirac operator (Eq.(53)) can be
written as a single equation
∂F = Je. (13)
Now, it is usual in electrodynamics problems to work with the potential A
and fix the Lorenz gauge δA = 0. This is done, e.g., in the classical Eddington
book [2]. Taking into account Eq.(1) of Proposition 1 we thus have that in a
spacetime M = (M,g, D, τg, ↑) a probe electromagnetic field F = dA such that
A = g(A, ) is a Killing vector field is such that δA = 0, i.e., it is in the Lorentz
gauge. Moreover. using Eq.(9) we see that the current Je = 2RβA
β is of the
superconductor type, i.e., proportional to the potential A. At the spacetime
points where the Ricci tensor is zero we necessarily have a null current.
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This result is important since permit us to determine for each Killing vector
in M a special current of superconductor type.
These results shows that in GR the potential A appears to acquire a status
that it does not have in Special Relativity. In the reamining of the paper we
study further consequences of supposing that A is proportional to a Killing
vector field
Remark 3 We recall that if L ∈ sec
∧1
T ∗M →֒ Cℓ(M, g) is such that δL = 0
we have that
1
2
gκµ (DκLµ +DµLk) = 0, (14)
which however does not implies in general that DκLµ + DµLk = 0, i.e., that
L = g(L, ) is a Killing vector field.
4 The Spacetime M Generated by an Ideal Cur-
rent Interacting with the Electromagnetic Field
and the Gravitational Field
In this section we analyze the dynamics of a coupled system consisting of an
ideal charged matter field plus electromagnetic field and the gravitational field.
For simplicity we restrict ourselves to the case of an incompressible charged and
frictionless fluid represented by a velocity field V ∈ secTM with g(V,V) = 1
and such that each one of its integral lines, say σ : τ 7→ σ(τ) ∈ M is such that
V|σ = σ∗ = d/dτ obeys the Lorentz force equation, which writing v = g(σ∗, )
reads:
Dσ⋆v =
e
m
vyF, (15)
where e and m are the charge and mass of the charged particles composing the
ideal charged fluid and F is the total electromagnetic field generated by it.
Introducing the velocity 1-form field V = g(V, ) and using the noticeable
identity given by Eq.(59) we can write the first member of Eq.(15) as
Dσ⋆v = v
µD∂µv = (V y∂)V |σ (16)
= V y(∂∧V )|σ (17)
and thus since F = dA and ∂∧V = dV , Eq.(15) implies that the velocity field
satisfies the equation
V y[d(mV − eA)] = 0. (18)
A sufficient condition for the validity of Eq.(18) is the existence of a 0-form field
S such that
mV − eA = dS.
Then,
dS + eA = mV (19)
5
and
(dS + eA)2 = m2 (20)
which we recognize as the classical Hamilton-Jacobi equation. Before proceeding
we recall that since δV = 0 for a perfect incompressible charged fluid, we get
form Eq.(19)
δdS + dδS + eδA = 0, (21)
i.e.,
∂2S = eδA (22)
Remark 4 Eq.(22) implies that the charged particle fluid action S when the
potential A is in the Lorenz gauge satisfies a homogeneous wave equation, even
if A is not proportional to a Killing vector field.
Then in what follows we call S the action of the ideal charged fluid. More-
over, since we are here more interested in the structure of the field equations,
we choose the mass and the charge of the fluid particles to be in our system of
units m = 1 and e = 1. Also the gravitational constant is 1 in our units.
Now, the Lagrangian density for the charged fluid model interacting with
the electromagnetic field and the gravitational field is given by
L = −
1
2
Je∧⋆Je −
1
2
F ∧ ⋆F + LEH , (23)
where
LEH =
1
2
[Rµν ∧ ⋆(γ
µ ∧ γν)] (24)
is the Einstein-Hilbert Lagrangian density and
Je = (dS +A). (25)
The equations of motion resulting from the principle of stationary action are
[12]:
δJe = 0, (26)
δF = −Je, (27)
⋆Gα = − ⋆ Tα − ⋆tα. (28)
where
⋆ Tβ = −
1
2
⋆ (FγβF ) (29)
are the energy-momentum 3-form fields of the electromagnetic field (see, e.g.,
[9, 7] ) and the
⋆tα =
1
2
[(γα · Je) ∧ ⋆Je + Je ∧ (γα · ⋆Je)
=
1
2
⋆ (JeγαJe) (30)
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are the energy-momentum 3-form fields of the ideal charged fluid. Note that
Eq. (26) reproduces trivially Eq.(19).
Now, it is easy to verify that Einstein equations implies that
R = J2e . (31)
Then, we can rewrite Eq.(10) as
d ⋆ dA = −2 ⋆ Aβ(Rβ −
1
2
Rγβ)−A
βR ⋆ γβ
= − ⋆ 2AβGβ + J
2
e ⋆ A
= 2 ⋆ [−
1
2
FAF +
1
2
JeAJe) + J
2
e ⋆ A
= ⋆− (FAF )− ⋆AJ2e + 2(A · Je) ⋆ Je + J
2
e ⋆ A
= ⋆− (FAF ) + 2(A · Je) ⋆ Je (32)
from where, since
δF = −Je, dF = 0 (33)
we see that the current Je must satisfy the following equation
Je = −FAF˜ + 2(A · Je)Je. (34)
If we make the exterior multiplication of both members of Eq.(34) by Je we
get that (FAF˜ ) ∧ Je = 0, from where taking into account that B = FAF˜ ∈
sec
∧1
T ⋆M implies that
Je = fFAF = −fB, (35)
where f is a scalar function that in order for Eq.(34) to be satisfied must solve,
when B2 6= 0, the quadratic equation
2(A ·B)f2 + f + 1 = 0, (36)
which has real roots only if (A ·B)2 ≤ 18 . We then have the
Proposition 5 The Lorentzian spacetime M = (M,g, D, τg, ↑) where an in-
compressible charged fluid described by an action S generates an electromagnetic
field F = dA such that A = g(A, ) is proportional to a Killing vector field and
both are in interaction with the gravitational field is such that and the current
is given by Je = fFAF where f is a solution of the algebraic quadratic equa-
tion given by Eq.(36) with [A · (FAF )]2 ≤ 18 .Moreover, Einstein equations are
equivalent to Maxwell equations given by Eq.(32).
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5 Conclusions
In this paper using the Clifford bundle formalism and a proposition (Proposition
1) of differential geometry which shows that if K is a Killing vector field on a
Lorentzian manifold (M,g) then the form field K = g(K, ) satisfies δK = 0
and a wave equation given by Eq.(2) in terms of the covariant D’ Alembertian
applied to K . We also showed that the Ricci operator, which can be defined
only in the Clifford bundle of differential forms applied to K is equal to the
covariant D’Alembertian applied to K. We analyzed morevoer the structure of
Maxwell equations in a Lorentzian spacetime when the potential is proportional
to K, A = eK and thus satisfies the Lorenz gauge δA = 0. The explicit form of
the current which generates the electromagnetic field has been calculated and
resulted proportional to FAF . Next we studied the structure of the spacetime
generated by the interaction of the a perfect charged fluid described by action S,
its electromagnetic field F = dA, with A = eK and the gravitational field . We
found that Einstein equations for this case is represented by Maxwell equations
with a current given by Proposition 4, i.e., Je = f FAF , where f is a scalar
function which is solution of a well determined quadratic equation.
A Clifford Bundle Formalism
Let M = (M,g, D, τg, ↑) be an arbitrary Lorentzian spacetime. The quadru-
ple (M,g, τg, ↑) denotes a four-dimensional time-oriented and space-oriented
Lorentzian manifold [9, 11]. This means that g ∈ secT 02M is a Lorentzian
metric of signature (1,3), τg ∈ sec
∧
4T ∗M and ↑ is a time-orientation (see
details, e.g., in [11]). Here, T ∗M [TM ] is the cotangent [tangent] bundle.
T ∗M = ∪x∈MT
∗
xM , TM = ∪x∈MTxM , and TxM ≃ T
∗
xM ≃ R
1,3, where R1,3
is the Minkowski vector space3. D is the Levi-Civita connection of g, i.e., it is
metric compatible connection, i.e., Dg = 0, and in general, R = RD 6= 0, and
Θ = ΘD = 0, R and Θ being respectively the curvature and torsion tensors
of the connection. Minkowski spacetime is the particular case of a Lorentzian
spacetime for which R = 0, Θ = 0, and M ≃ R4. Let g ∈ secT 20M be
the metric of the cotangent bundle. The Clifford bundle of differential forms
Cℓ(M, g) is the bundle of algebras, i.e., Cℓ(M, g) = ∪x∈MCℓ(T
∗
xM, g), where
∀x ∈ M , Cℓ(T ∗xM, g) = R1,3, the so called spacetime algebra [9]. Recall also
that Cℓ(M, g) is a vector bundle associated to the orthonormal frame bundle,
i.e., Cℓ(M, g) = PSOe
(1,3)
(M) ×Ad Cl1,3 [5, 6]. For any x ∈ M , Cℓ(T
∗
xM, g|x) as
a linear space over the real field R is isomorphic to the Cartan algebra
∧
T ∗xM
of the cotangent space.
∧
T ∗xM = ⊕
4
k=0
∧k
T ∗xM , where
∧k
T ∗xM is the
(
4
k
)
-
dimensional space of k-forms. Then, sections of Cℓ(M, g) can be represented as
a sum of non homogeneous differential forms, that will be called Clifford (multi-
form) fields. In the Clifford bundle formalism, of course, arbitrary basis can be
used, but in this short review of the main ideas of the Clifford calculus we use
3Not to be confused with Minkowski spacetime [11].
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orthonormal basis. Let then {ea} be an orthonormal basis for TU ⊂ TM , i.e.,
g(ea, ea) = ηab = diag(1,−1,−1,−1). Let θ
a ∈ sec
∧1 T ∗M →֒ sec Cℓ(M, g)
(a = 0, 1, 2, 3) be such that the set {θa} is the dual basis of {ea}.
A.1 Clifford Product
The fundamental Clifford product (in what follows to be denoted by juxtaposi-
tion of symbols) is generated by
θaθb + θbθa = 2ηab (37)
and if C ∈ sec Cℓ(M, g) we have
C = s+ vaθ
a +
1
2!
fabθ
aθb +
1
3!
tabcθ
aθbθc + pθ5 , (38)
where τg = θ
5 = θ0θ1θ2θ3 is the volume element and s, va, fab, tabc, p ∈
sec
∧0
T ∗M →֒ sec Cℓ(M, g).
For Ar ∈ sec
∧r
T ∗M →֒ sec Cℓ(M, g), Bs ∈ sec
∧s
T ∗M →֒ sec Cℓ(M, g) we
define the exterior product in Cℓ(M, g) (∀r, s = 0, 1, 2, 3) by
Ar ∧Bs = 〈ArBs〉r+s, (39)
where 〈 〉k is the component in
∧k
T ∗M of the Clifford field. Of course,
Ar ∧Bs = (−1)
rsBs ∧ Ar, and the exterior product is extended by linearity to
all sections of Cℓ(M, g).
Let Ar ∈ sec
∧r T ∗M →֒ sec Cℓ(M, g), Bs ∈ sec∧s T ∗M →֒ sec Cℓ(M, g). We
define a scalar product in Cℓ(M, g) (denoted by ·) as follows:
(i) For a, b ∈ sec
∧1 T ∗M →֒ sec Cℓ(M, g),
a · b =
1
2
(ab+ ba) = g(a, b). (40)
(ii) For Ar = a1∧...∧ar , Br = b1∧...∧br , ai, bj ∈ sec
∧1
T ∗M →֒ sec Cℓ(M, g),
i, j = 1, ..., r,
Ar ·Br = (a1 ∧ ... ∧ ar) · (b1 ∧ ... ∧ br)
=
∣∣∣∣∣∣
a1 · b1 .... a1 · br
.......... .... ..........
ar · b1 .... ar · br
∣∣∣∣∣∣ . (41)
We agree that if r = s = 0, the scalar product is simply the ordinary product
in the real field.
Also, if r 6= s, then Ar · Bs = 0. Finally, the scalar product is extended by
linearity for all sections of Cℓ(M, g).
For r ≤ s, Ar = a1 ∧ ...∧ ar, Bs = b1 ∧ ...∧ bs , we define the left contraction
y : (Ar , Bs) 7→ AryBs by
AryBs =
∑
i1 <...<ir
ǫi1...is(a1 ∧ ... ∧ ar) · (bi1 ∧ ... ∧ bir )
∼bir+1 ∧ ... ∧ bis (42)
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where ∼ is the reverse mapping (reversion) defined by ˜ : sec Cℓ(M, g) →
sec Cℓ(M, g). For any X =
⊕4
p=0
Xp,Xp ∈ sec
∧p
T ∗M →֒ sec Cℓ(M, g),
X˜ =
4∑
p=0
X˜p =
4∑
p=0
(−1)
1
2 k(k−1)Xp. (43)
We agree that for α, β ∈ sec
∧0
T ∗M the contraction is the ordinary (pointwise)
product in the real field and that if α ∈ sec
∧0 T ∗M , Xr ∈ sec∧r T ∗M,Ys ∈
sec
∧s
T ∗M →֒ sec Cℓ(M, g) then (αXr)yBs = Xry(αYs). Left contraction is ex-
tended by linearity to all pairs of sections of Cℓ(M, g), i.e., forX,Y ∈ sec Cℓ(M, g)
XyY =
∑
r,s
〈X〉ry〈Y 〉s, r ≤ s. (44)
It is also necessary to introduce the operator of right contraction denoted by
x. The definition is obtained from the one presenting the left contraction with
the imposition that r ≥ s and taking into account that now if Ar ∈ sec
∧r T ∗M,
Bs ∈ sec
∧s
T ∗M then Arx(αBs) = (αAr)xBs. See also the third formula in
Eq.(45).
The main formulas used in this paper can be obtained from the following
ones
aBs = ayBs + a ∧ Bs, Bsa = Bsxa+ Bs ∧ a,
ayBs =
1
2
(aBs − (−1)
sBsa),
AryBs = (−1)
r(s−r)BsxAr,
a ∧ Bs =
1
2
(aBs + (−1)
sBsa),
ArBs = 〈ArBs〉|r−s| + 〈ArBs〉|r−s|+2 + ...+ 〈ArBs〉|r+s|
=
m∑
k=0
〈ArBs〉|r−s|+2k
Ar · Br = Br · Ar = A˜r yBr = ArxB˜r = 〈A˜rBr〉0 = 〈ArB˜r〉0. (45)
Two other important identities used in the main text are:
ay(X ∧ Y) = (ayX ) ∧ Y + Xˆ ∧ (ayY), (46)
Ay(ByC) = (A ∧B)yC, (47)
for any a ∈ sec
∧1
T ∗M →֒ Cℓ(M, g) and X ,Y ∈ sec
∧
T ∗M →֒ Cℓ(M, g), and
for any A,B,C ∈ sec
∧
T ∗M →֒ Cℓ(M, g).
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A.1.1 Hodge Star Operator
Let ⋆ be the Hodge star operator, i.e., the mapping ⋆ :
∧k
T ∗M →
∧4−k
T ∗M,
Ak 7→ ⋆Ak. For Ak ∈ sec
∧k
T ∗M →֒ sec Cℓ(M, g) we have
[Bk · Ak]τg = Bk ∧ ⋆Ak, ∀Bk ∈ sec
∧k
T ∗M →֒ sec Cℓ(M, g). (48)
where τg = θ
5 ∈ sec
∧4
T ∗M →֒ sec Cℓ(M, g) is a standard volume element. We
have,
⋆ Ak = A˜kτg = A˜kyτg. (49)
where as noted before, in this paper A˜k denotes the reverse of Ak. Eq.(49)
permits calculation of Hodge duals very easily in an orthonormal basis for which
τg = θ
5. Let {ϑα} be the dual basis of {eα} (i.e., it is a basis for T
∗U ≡
∧1 T ∗U)
which is either orthonormal or a coordinate basis. Then writing g(ϑα, ϑβ) = gαβ ,
with gαβgαρ = δ
β
ρ , and ϑ
µ1...µp = ϑµ1 ∧ ...∧ϑµp , ϑνp+1...νn = ϑνp+1 ∧ ...∧ϑνn we
have from Eq.(49)
⋆ ϑµ1...µp =
1
(n− p)!
√
|g|gµ1ν1 ...gµpνpǫν1...νnϑ
νp+1...νn . (50)
where g denotes the determinant of the matrix with entries gαβ = g(eα, eβ),
i.e.,g = det[gαβ ]. We also define the inverse ⋆
−1 of the Hodge dual operator,
such that ⋆−1⋆ = ⋆⋆−1 = 1. It is given by:
⋆−1 : sec
∧n−r
T ∗M → sec
∧r
T ∗M,
⋆−1 = (−1)r(n−r)sgn g ⋆, (51)
where sgn g = g/|g| denotes the sign of the determinant g.
Some useful identities (used in the text) involving the Hodge star operator,
the exterior product and contractions are:
Ar ∧ ⋆Bs = Bs ∧ ⋆Ar; r = s
Ar · ⋆Bs = Bs · ⋆Ar; r + s = n
Ar ∧ ⋆Bs = (−1)
r(s−1) ⋆ (A˜ryBs); r ≤ s
Ary ⋆ Bs = (−1)
rs ⋆ (A˜r ∧Bs); r + s ≤ n
⋆τg = sign g; ⋆1 = τg.
(52)
A.1.2 Dirac Operator Associated to a Levi-Civita Connection
Let d and δ be respectively the differential and Hodge codifferential operators
acting on sections of Cℓ(M, g). If Ap ∈ sec
∧p
T ∗M →֒ sec Cℓ(M, g), then δAp =
(−1)p ⋆−1 d ⋆ Ap.
The Dirac operator acting on sections of Cℓ(M, g) associated with the metric
compatible connection D is the invariant first order differential operator
∂ = ϑαDeα , (53)
11
where {eα} is an arbitrary (coordinate or orthonormal) basis for TU ⊂ TM
and {ϑα} is a basis for T ∗U ⊂ T ∗M dual to the basis {eα}, i.e., ϑ
β(eα) = δ
α
β ,
α, β = 0, 1, 2, 3. The reciprocal basis of {ϑα} is denoted {ϑα} and we have
ϑα · ϑβ = gαβ. Also,
Deαϑ
β = −Lβαλϑ
λ (54)
and we define the connection 1-forms in the gauge defined by {ϑα} as
Lαβ := L
α
λβϑ
λ. (55)
We recall also that for an orthonormal basis it is usual to write (a,b, c =
0, 1, 2, 3)
Deaθ
b = −ωb
ac
θc, ωa
b
:= ωa
cb
θc. (56)
Moreover, we write for an arbitrary tensor field Y = Y µ1...µrν1...νs γ
ν1 ⊗ ... ⊗ γνs ⊗
∂µ1 ⊗ ... ⊗ ∂µr in a coordinate basis (and use the notation of Section 2 for the
basis of the tangent and cotangent bundles) ,
DeαY := (DαY
µ1...µr
ν1...νs
)γν1 ⊗ ...⊗ γνs ⊗ ∂µ1 ⊗ ...⊗ ∂µr (57)
We have also the important results (see, e.g., [9]) for the Dirac operator as-
sociated with the Levi-Civita connection D acting on the sections of the Clifford
bundle
∂Ap = ∂ ∧ Ap + ∂yAp = dAp − δAp,
∂ ∧ Ap = dAp, ∂yAp = −δAp. (58)
We shall need the following identity valid for any A,B ∈ sec
∧1 T ∗M →֒
Cℓ(M, g),
∂(A ·B) = (A · ∂)B + (B · ∂)A+Ay(∂∧B) +By(∂∧A). (59)
A.2 Covariant D’ Alembertian, Hodge D’Alembertian and
Ricci Operators
The square of the Dirac operator ♦ = ∂2 is called Hodge D’Alembertian and
we have the following noticeable formulas:
∂2 = −dδ − δd, (60)
and
∂2Ap = ∂ · ∂Ap + ∂ ∧ ∂Ap (61)
where ∂ · ∂ is called the covariant D’Alembertian and ∂ ∧ ∂ is called the Ricci
operator.4 If Ap =
1
p!Aµ1...µpγ
µ
1 ∧ ... ∧ γµp , we have
∂ · ∂Ap = g
αβ(D∂αD∂β − Γ
ρ
αβD∂ρ)Ap =
1
p!
gαβDαDβAα1...αpγ
α1 ∧ . . . ∧ γαp ,
(62)
4For more details concerning the square of Dirac (and spin-Dirac operators) on a general
Riemann-Cartan spacetime, see [10]
12
Also for ∂ ∧ ∂ in an arbitrary basis (coordinate or orthonormal)
∂ ∧ ∂Ap =
1
2
ϑα ∧ ϑβ([Deα , Deβ ]− (L
ρ
αβ − L
ρ
βα)Deρ)Ap. (63)
In particular we show [9]) now that
∂ ∧ ∂ϑµ = Rµ, (64)
where Rµ = Rµνϑ
ν ∈ sec
∧1 T ∗M →֒ sec Cℓ(M, g) are the Ricci 1-form fields,
such that if R µν σµ are the components of the Riemann tensor we use the con-
vention that Rνσ = R
µ
ν σµ are the components of the Ricci tensor.
Applying this operator to the 1-forms of the a 1-form of the basis {ϑµ}, we
get:
(∂| ∧ ∂|)ϑµ = −
1
2
Rρ
µ
αβ(ϑ
α ∧ ϑβ)ϑρ = −Rµρϑρ, (65)
Then,
Rµρ ϑ
ρ = Rµρxθ
ρ +Rµρ ∧ θ
ρ.
The second term in the r.h.s. of this equation is identically null due the first
Bianchi identity. Then
Rµρxϑ
ρ = ϑρyRµρ = −
1
2
ϑρy(Rρ
µα
αβϑ ∧ ϑ
β)
=
1
2
Rρ
µ
αβ(g
ραϑβ − gρβϑα)
= gραRρ
µ
αβ ϑ
β = Rµβ ϑ
β = Rµ, (66)
and Eq.(64) is proved.
We next show that for every A ∈ sec
∧1
T ∗M →֒ sec Cℓ(M, g)
∂| ∧ ∂|A = Aµ ∂| ∧ ∂|ϑ
µ.
Indeed, using Eq.(63) we can write (using for simplicity a coordinate basis) :
∂| ∧ ∂|A
=
1
2
γα ∧ γβ
{
[∂α, ∂β ](Aκ)− Γ
ρ
αβ∂ρ(Aκ) + Γ
ρ
βα∂ρ(Aκ)
}
γκ +Aµ ∂| ∧ ∂|γ
µ
= Aµ ∂| ∧ ∂| γ
µ. (67)
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